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In recent work, the so-called quasi-Zeno dynamics of a system has been investigated in the context of the
quantum first passage problem. This dynamics considers the time evolution of a system subjected to a sequence
of selective projective measurements made at small but finite intervals of time. This means that one has a
sequence of steps, with each step consisting of a unitary transformation followed by a projection. The dynamics
is non-unitary and, in recent work, it has been shown that it can be effectively described by two different
non-Hermitian Hamiltonians. Here we explore this connection by considering the problem of detecting a free
quantum particle moving on a one-dimensional lattice, where the detector is placed at the origin and the particle
is initially located at some specified lattice point. We find that results for distribution times for the first detection
probability, obtained from the non-Hermitian Hamiltonians, are in excellent agreement with known exact results
as well as exact numerics. Interesting finite-size effects are discussed. We also study the first detection problem
for the example of a particle moving in a quasi-periodic potential, an example where the unperturbed particle’s
motion can be ballistic, localized or diffusive.
I. INTRODUCTION
We consider a quantum particle moving on a one-
dimensional lattice with its dynamics described by a
tight-binding Hamiltonian. The particle starts from
some initial position, and is allowed to undergo nearest-
neighbour hoppings. A detector is placed at a pre-
determined site, say the origin. The evolving wave-
function of the particle is subjected to a sequence of
measurements by the detector after every τ time-interval.
The experiment is stopped as soon as the particle is de-
tected for the first time. Thus, the unitary evolution of the
particle is interrupted by a sequence of projective mea-
surements that are made at the origin, at regular intervals
of time τ . This kind of dynamics has been studied in a
number of recent papers [1–4] and, for the case where
τ is small but finite, this has been referred to as quasi-
Zeno dynamics [5]. We note that the limit τ → 0 cor-
responds to the case of continuous measurements on a
system and leads to the famous so-called quantum Zeno
effect [6], whereby the quantum particle will never be
detected. This is easy to understand physically. Suppose
we divide the full Hilbert space where the particle lives,
into a part where the detection occurs, say HD and the
rest of the space is labeled HS . If the particle is initially
located in HS , then selective measurements essentially
project the system back into this space and, in the limit
of continuous measurements, the system remains in this
space. The Zeno effect was first observed experimentally
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in [7] but there has been some confusion regarding the in-
terpretation of the experiment [8–10]. By not taking the
limit τ → 0, one uncovers a rich behavior of the dynam-
ics and interesting physical questions can be asked. In
particular, the particle now gets detected at a finite time
and one can ask for the distribution of detection times.
The papers [1, 2] looked at a single free particle in fi-
nite lattices in one and higher dimensions and explored
the question of first detection times and survival proba-
bility by localized detectors. Using perturbation theory it
was shown that the dynamics of the system can be under-
stood as evolution under effective non-Hermitian Hamil-
tonians. Analytic results were obtained and compared
to exact numerical results. The authors in [3, 4, 11] de-
veloped a renewal time approach, commonly used in the
area of classical random walks in the context of first pas-
sage time probabilities, to address the question of com-
puting the first detection time (FDT) distribution in the
asymptotic time limit. Using this approach they obtained
exact results for the first detection time distribution of a
particle on an infinite lattice, for the case where the de-
tector is placed at the origin. A more general discussion
of quasi-Zeno dynamics, including in interacting sys-
tems, has been given in [5] while non-Hermitian Hamil-
tonians arising in the context of measurements have been
discussed in [12, 13]. Finally, we note that a similar pro-
tocol of repeated measurements has been used to define
first detection probabilities for quantum random walks
[14–17].
In this paper we investigate the question addressed in
[3, 4], namely the problem of return to origin for a parti-
cle on an infinite lattice. We ask whether the exact results
obtained by their renewal approach can be recovered us-
ing the effective non-Hermitian Hamiltonians discussed
in [1, 2]. We note that one can construct two effective
non-Hermitian Hamiltonians, one with a small imagi-
nary potential proportional to τ , and another with a large
imaginary part proportional to 1/τ . Our main results
here include analytic results, for the FDT problem, ob-
tained from these non-Hermitian Hamiltonians and their
comparison with earlier exact results. We also relate our
results to those obtained in [18] on survival probability
for non-Hermitian Hamiltonians.
As an application of the repeated measurement detec-
tion scheme, we use it for the so-called Aubry-Andre´-
Harper model [19, 20] which is the case of a particle
moving in a quasi-periodic potential. This model has a
transition from all states being localized to all states be-
ing extended as one changes the strength of the potential.
We ask whether the different phases carry some signature
regarding the form of the first detection distribution.
The plan of the paper is as follows. In Sec. II we define
the precise model and dynamics composed of succes-
sive unitary evolutions followed by projections. We also
write down the forms of the two effective non- Hermitian
Hamiltonians that are expected to describe the dynamics
whenever the measurement time interval τ is small. In
Sec. III we consider the first non-Hermitian Hamiltonian
with a small imaginary part. Using first order perturba-
tion theory we find the eigenstates and eigenfunctions of
the Hamiltonian and use them to compute the first pas-
sage time distribution and survival probability, and com-
pare these with exact analytic and numerical results. In
Sec. IV we discuss the second non-Hermitian Hamilto-
nian and, use the approach of [18] to obtain some ana-
lytic results and again make comparisons with exact re-
sults. In Sec. V we present results on survival probability
in the Aubry-Andre´-Harper and finally we conclude with
some discussions in Sec. VI.
II. DEFINITION OF MODEL AND MAPPINGS TO
NON-HERMITIAN HAMILTONIANS
We consider a quantum particle on a one-dimensional
lattice with N = 2L + 1 sites. The system is described
by the tight-binding Hamiltonian
H = −γ
L−1∑
x=−L
(|x〉〈x + 1|+ |x+ 1〉〈x|), (1)
where γ is the hopping strength which we set to the value
one hereafter. We assume the particle’s wave-function is
initially localized at a site x = a. Its free time-evolution
would be described by |ψ(t)〉 = e−iHt|a〉. However, the
free evolution is interrupted by a sequence of projective
measurements made, at regular time intervals τ , to de-
tect the presence of the particle at the origin x = 0. The
measurements continue till detection of the particle. Our
main interest is in the probability Sn that the particle sur-
vives detection up to the nth measurement and also the
probability pn = Sn−1 − Sn that it is detected for the
first time on the nth measurement.
Let us define the unitary evolution operator Uτ =
e−iHτ and the projection operator B = Iˆ − |0〉〈0|, cor-
responding to a projection of the system to a space com-
plimentary to the detection site (the origion). Let |ψ0〉
be the initially normalized wavefunction of the parti-
cle. It has been shown in [1, 2] that the survival prob-
ability, after the nth measurement. is simply given by
Sn = 〈ψn|ψn〉, that is it can be expressed as the norm of
an appropriate wave-function |ψn〉with non-unitary time
evolution. The time evolution of |ψn〉, is precisely given
by
|ψn〉 = U˜ |ψn−1〉 = U˜n|ψ0〉, (2)
where U˜ = BU is the non-unitary evolution operator.
Mapping to non-Hermitian Hamiltonians The
quasi-Zeno dynamics refers to the case where τ is small
but finite. In this limit, it was shown in [1, 2] that the dy-
namics can be described by an effective non-Hermitian
Hamiltonian, thus one has
U˜ = e−iHeff τ . (3)
Two different non-Hermitian Hamiltonians were pro-
posed and we now describe their forms for the present
problem.
Mapping 1: According to the results derived in sec. III
of [1], the effective dynamics is on a lattice with 2L
sites (excluding the measurement site), with the effective
Hamiltonian given by
H
(1)
eff = H
(1)
S + V
(1)
eff ; (4)
H
(1)
S = −
−2∑
x=−L
(|x〉〈x + 1|+ |x+ 1〉〈x|)
−
L−1∑
x=1
(|x〉〈x+ 1|+ |x+ 1〉〈x|) ;
V
(1)
eff = −
iτ
2
(|1〉〈1|+ | − 1〉〈−1|+ |1〉〈−1|+ | − 1〉〈1|) .
Note thatH
(1)
S is similar to the original Hamiltonian with
the origin removed from the lattice. The presence of de-
tector manifests itself through V
(1)
eff , where, for instance,
the first term is the contribution to the effective Hamilto-
nian due to the particle hopping from site x = 1 to the
origin and back to x = 1 on the original lattice.
2
Mapping 2: A different mapping was also discussed in
[1], in which case the mapped system retains its original
size of 2L+1 sites, but now the imaginary potential con-
sists of an on-site term of strength −i2/τ at the origin.
The full Hamiltonian in this case is given by
H
(2)
eff = H
(2)
S + V
(2)
eff ; (5)
H
(2)
S = −
L−1∑
x=−L
(|x〉〈x + 1|+ |x+ 1〉〈x|);
V
(2)
eff = −
2i
τ
|0〉〈0|.
In both cases the wave-function at time t = nτ is given
by |ψ(t)〉 = e−iHeff t|ψ(0)〉. We note that for L → ∞
the dynamics described by Eq. 5 is identical to that in
[18] with the identification of 2/τ as the strength of the
imaginary potential in that paper. This work obtained
analytic results for the survival probability for t → ∞
and we will discuss these, in Sec. (IV), in the present
context.
In the following two sections we will discuss spe-
cific predictions obtained for the detection probability,
obtained from these two effective non-Hermitian Hamil-
tonian descriptions. We will also compare these predic-
tions with exact numerical results for the measurement as
well as analytic results from other approaches. In all nu-
merical comparisions we have chosen the value τ = 0.1.
Finite size effects: For the infinite lattice, i,e in the
limitL→∞, the first return problemwith this dynamics
was studied in [3], using a renewal equations approach.
There it was shown that the first detection probability, in
the asymptotic time limit, for a particle initially located
at the origin (a = 0), is given by
pn ∼ 4γτ
πn3
cos2
(
2γτn+
π
4
)
. (6)
This result is valid for the case of an infinite lattice (i.e
N → ∞). In Fig. (1a), we show the comparison of
the first detection time probabilities given by the above
equation, with the result obtained from direct simulation
on a lattice with N = 101 sites. In this figure, the red
solid line gives the FDT probability, obtained from ex-
act numerics using the relation pn = Sn − Sn+1, with
Sn = 〈ψn|ψn〉 and |ψn〉 given by Eq. (2). The solid
green line corresponds to the analytical result given in
Eq. (6). It is clear from this figure that the agreement
with the analytical result holds only as long as finite size
effects do not show up (n . 500). In this region, the de-
cay follows the n−3 law. However, for values of n much
larger than about 500, the decay in the exact numerics is
observed to follow a n−5/2 law. Finally, for very large
values of n (∼ 106), the decay becomes faster. Thus,
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FIG. 1. (a) Plot of the first detection time distribution, obtained
from simulation (red curve), compared to the analytical asymp-
totic form of the first detection time distribution [Eq. (6)] ob-
tained in [3]. The particle is initially located at the origin a = 0
and the detector is also at the origin. (b) Plot of survival prob-
ability Sn as a function of n. The inset is a zoomed-in sec-
tion of the full curve after subtraction of the “saturation” value
S∞ = 0.01701 . The lattice size here is N = 101 and detec-
tion time interval was set at τ = 0.1.
we see that one can identify three temporal regimes. For
the example studied in Fig. (1), these three regimes cor-
respond to 0 << n . N, N . n . N3, and fi-
nally a regime with exponential decay at times n & N3.
The O(N) time scale corresponds to ballistic propaga-
tion of perturbations in the system, while the O(N3)
time scale can be understood as corresponding to the
eigenvalue with the smallest imaginary part of a non-
Hermitian Hamiltonian (see [1]). A second interesting
point is in the behaviour of the survival probability in the
different regimes, shown in Fig. (1b). In the short-time
regime the survival probability appears to saturate to the
3
value Sn→∞ = 0.01701.... This means that on the in-
finite lattice, a particle starting from the origin will sur-
vive detection with a finite probability (unlike the clas-
sical one-dimensional random walker). Subtracting this
saturation value, we see the expected 1/n2 decay of the
survival probability. We will discuss this point further in
later sections.
III. CALCULATION OF SURVIVAL PROBABILITY
FROM H
(1)
eff USING FIRST-ORDER PERTURBATION
THEORY
In this approach, the evolution of the particle is given
by |ψ(t)〉 = e−iH(1)eff t|a〉 where H(1)eff is given by
Eq. (4). The survival probability is the norm of this
state S(t) = 〈ψ(t)|ψ(t)〉. Let ψr(x) and ǫr be the right
eigenvectors (2L in number) and corresponding eigen-
values of H
(1)
eff . In general ǫr will have complex parts
and we write ǫr = pr − iqr. We assume orthogo-
nality and completeness of the eigenfunctions though
this will need to be verified in any specific example.
We can then expand the initial state |a〉 in this basis as
|a〉 =∑r〈ψr|a〉|ψr〉 and the time evolution is then given
by |ψ(t)〉 = ∑r e−iprte−qrt〈ψr|a〉|ψr〉. Hence the sur-
vival probability is given by
S(t) =
∑
r
e−2qrt|〈ψr|a〉|2 . (7)
We will now proceed to obtain the eigenfunctions and
eigenvalues of H
(1)
eff by first order perturbation theory,
by treating the imaginary potential as the perturbation.
We first note that in the absence of the perturbation V
(1)
eff ,
the Hamiltonian consists of two disjoint Hermitian parts,
with each part corresponding to a particle confined to ei-
ther side of the origin. If the particle is to the left, let the
state be denoted by |φL〉. If it is on the right, its state is
denoted by |φR〉. The kth eigenfunction of the particle,
corresponding to energy ek = −2 cos[kπ/(L+ 1)], is
φLk (x) =
{√
2
L+1 sin
(
kpix
L+1
)
, (x = −L,−L+ 1, . . . ,−1)
0, (x = 1, 2, . . . , L)
φRk (x) =
{
0, (x = −L,−L+ 1, . . . ,−1)√
2
L+1 sin
(
kpix
L+1
)
, (x = 1, 2, . . . , L).
(8)
Alternatively we can construct, for each k = 1, 2, . . . , L,
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FIG. 2. (a) Survival probability plotted as a function of time
for a particle starting at site a = 1, computed by exact numer-
ical evolution under projective measurements (red curve) and
by computing it using Eq. (13) (green curve). The meaurement
time interval was τ = 0.1. Inset: Comparison of the two plots
for larger time interval of τ = 0.8. In this case we clearly
observe the discrepancy between them. (b) Plot of the first de-
tection probability obtained from the two data sets in (a).
two degenerate eigenfunctions ofHS as follows:
φ+k (x) =
1√
2
[
φLk (x) + φ
R
k (x)
]
φ−k (x) =
1√
2
[
φLk (x)− φRk (x)
]
,
for x = −L,−L+ 1, . . . ,−1, 1, 2, . . . , L . (9)
Now, operating with Heff on these eigenfunctions, we
observe that the set of states |φ+k 〉 continue to be exact
eigenstates. Thus we set
ψk(x) ≡ ψ+k (x) = φ+k , ǫk = ek, for k = 1, 2, . . . , L .
(10)
4
We find the remaining eigenstates ψk (k = L + 1, L +
2, . . . , 2L) by perturbation of the states φ−k . From stan-
dard first-order perturbation theory, we get
ψL+k(x) ≡ ψ−k (x)
= φ−k (x) +
∑
k′ 6=k
( 〈φ−k′ |Veff |φ−k 〉
ek − ek′
)
φ−k′(x)
(11)
ǫL+k = ek + 〈φ−k |Veff |φ−k 〉
= ek − iβk, with βk = 2τ
L+ 1
sin2
(
kπ
L+ 1
)
.
(12)
The time evolution of the wave function can thus be writ-
ten as
ψ(x, t) =
L∑
k=1
e−iekt
[
ψ+k (a)ψ
+
k (x)
+e−βktψ−k (a)ψ
−
k (x)
]
. (13)
We note that this has been obtained at order O(τ) and
their orthonormality (with appropriate left eignevectors)
is valid up to corrections O(τ2). The norm of the above
wave-function gives the survival probability. We tested
the analytical prediction from Eq. (13)) against exact nu-
merics done on a finite (N = 101) lattice. The results,
for Sn and pn, are shown in Figs. (2a,2b) where we see
that the agreement between data from the exact numer-
ics and results from the non-Hermitian Hamiltonian are
almost in perfect agreement at all times. The saturation
value 0.5 corresponds to the fact that at long times the
contribution of the states ψ−n decays to zero while the
remaining part has a normalization 1/2. We can see an-
other plateau at times order. N and this corresponds to
the value of the survival probability of a particle on the
infinite lattice. This will be discussed in more detail in
the next section. In the inset of Fig. 2a we compare the
values of Sn obtained from direct simulation and pertur-
bation theory, when τ = 0.8. The disagreement is ex-
pected on two grounds. Firstly, a large value of τ breaks
the mapping between the actual evolution and the evolu-
tion underH
(1)
eff . Secondly, it invalidates the justification
for the usage of perturbation theory in this case.
IV. CALCULATION OF SURVIVAL PROBABILITY
FROM H
(2)
eff
As discussed in sec. II, the evolution under projec-
tive measurements admits a second mapping to a system
where there is a large imaginary potential at the measure-
ment sites, in addition to the regular hopping Hamilto-
nian. In Figs. (3a,3b), we show numerical results for the
case of a finite lattice (N = 101), which clearly shows
that the mapping between the projective dynamics and
this second non-Hermitian dynamics holds quite accu-
rately for the value τ = 0.1 . In the inset of Fig. 3a, we
have shown that the mapping of exact evolution with the
evolution underH
(2)
eff when τ = 0.8 is large enough.
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FIG. 3. (a) Comparison of survival probabilities for exact nu-
merics and with evolution under H
(2)
eff , for τ = 0.1. The
dashed line indicates the value of S∞ for an infinite lattice. In-
set: The inset shows the disagreement between the two curves
for τ = 0.8. (b) Comparison of the corresponding first detec-
tion times.
For our 1D lattice problem with measurements at the
origin, the non-Hermitian dynamics is identical to the
one discussed in [18], where exact results were obtained
for the survival probability on the infinite lattice. For
the case of the infinite lattice, we now outline the ap-
proach of [18] and show that it leads to reproduction of
the results in [3]. For the infinite lattice we note that
the evolution equation for the wave function is given by
5
i ddt |ψ〉 = H
(2)
eff |ψ〉, where
H
(2)
eff = −
∞∑
x=−∞
(|x+ 1〉〈x|+ |x〉〈x + 1|)− iΓ|0〉〈0|,
(14)
with Γ = 2/τ . The corresponding Schro¨dinger equation
is
i
∂ψx
∂t
= −ψx+1(t)− ψx−1(t)− iΓδx0ψ0(t) . (15)
We solve this equation for a localized initial condition
|ψ(t = 0)〉 = |a〉 to get the wave-function |ψ(t)〉 at any
time t. Let us define the Laplace transform of the wave-
function ψx(t) as
ψ˜x(s) =
∫ ∞
0
dt ψx(t)e
−st. (16)
and the Fourier-Laplace transform as
ψˆ(q, s) =
+∞∑
x=−∞
∫ ∞
0
dt ψx(t)e
iqx−st. (17)
From the equation of motion we then get
ψˆ(q, s) =
i(e−iqa − Γψ˜0(s))
is− 2 cos q , (18)
where the term ψ˜0(s) =
∫∞
0
dte−stψ0(t) =
[1/(2π)]
∫ 2pi
0
dqψˆ(q, s) can be immediately obtained as
ψ˜0(s) =
1
Γ +
√
s2 + 4
(√
s2 + 4− s
2i
)a
. (19)
Given the wave-function, the survival probability is sim-
ply given by the norm 〈ψ(t)|ψ(t)〉. Alternatively we note
that the decay of the probability is caused by absorption
at the origin, and it is easy to see therefore that the first
detection probability density is given by
p(t) = −dS(t)/dt = 2Γ|ψ0(t)|2 . (20)
Hence one can obtain S(t) = 1− 2Γ ∫ t0 |ψ0(t)|2.
The main focus in [18] was in computation of the sur-
vival probability at infinite times and analytic exact ex-
pressions were obtained for S(∞) for different initial
conditions x = a. However the paper also obtains the
exact form of ψ0(t) for large Γ and from this one gets
(for a 6= 0)
p(a)(t) = 2
a2
Γ
J2a(2t)
t2
∼
(
τa2
π
)
cos2(2t− aπ/2− π/4)
t3
,
(21)
where we used the asymptotic time expansion of the
Bessel function. The superscript in p(a) denotes the ini-
tial position a.
For a = 0, we can first evolve the system for one time
step and then use the earlier result. We note that at the
end of the first projective measurement, the evolution un-
derH
(2)
eff leads to the state
|ψ(τ+)〉 = −iτ(|1〉+ | − 1〉), (22)
up to first order in τ . This can then evolved in time to
obtain the final state
|ψ(t)〉 = −iτe−iH(2)eff (t−τ)(|1〉+ | − 1〉). (23)
Making use of the symmetry between the states |1〉 and
| − 1〉, we can write
ψ0(t) = 〈0|ψ(t)〉 = −2iτ〈0|e−iH
(2)
eff
(t−τ)|1〉. (24)
Thus the first detection probability at time t is given by
p(0)(t) = |ψ0(t)|2 = 4τ2p(1)(t− τ) ≈ 4τ2p1(t), (25)
up to leading order in τ . From Eq. (21), we therefore
find that the first detection probability is
p(0)(t) =
(
4τ3
π
)
cos2(2t+ π/4)
t3
. (26)
This agrees with Eq. ((6)) when we note that continuous
time t = nτ and pn = τp
(0)(t). Thus, we obtain agree-
ment between the results obtained using [18] and those
in [4].
The authors in [18] were also able to obtain the form
of S∞. Interestingly, it is seen that, for all initial starting
positions, the survival probability is finite and (except for
the case a = 0) goes to unity as Γ → ∞ — this corre-
sponds to the Zeno limit. For the special case, a = 0,
S∞ vanishes as 1/Γ
2. As discussed in Sec. (II), on a fi-
nite lattice there are three temporal regimes. For times
t . N , the results are independent of system size and
we basically see results as in the infinite lattice. We find
that Sn initially decays with n and then shows a plateau
region, beyond which (n & N ), finite size effects begin
to show up and the survival probability eventually decays
to a value 1/2 (for a > 0) or to zero (for a = 0). It is the
initial plateau region that corresponds to the value of S∞
for an infinite lattice. To verify these facts we have plot-
ted, in Figs. 4(a,b), Sn as a function of n for two different
lattice sizes N = 101 and 501, for the initial positions
a = 0 and a = 1 respectively. We clearly see that the
initial plateau region survives for a longer time (scaling
as∼ N ) for the larger lattice. The plots have been gener-
ated by evolving the system with the HamiltonianH
(2)
eff .
6
In the limit of an infinite lattice, there would be no de-
cay of this plateau at all. We also compare these plateau
values with the analytical values of S∞ for the same ini-
tial positions, as obtained in [18]. We observe that the
agreement between the two approaches is excellent.
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FIG. 4. Variation of survival probability with time, when the
particle is initially located at the origin (a) and at the site next
to the origin (b), for two sample sizes: N = 101 and 501.
The plots are from exact numerical evolution using the non-
Hermitian Hamiltonian H
(2)
eff . The horizontal dashed lines in-
dicate the values 0.00125, for a = 0, and 0.92, for a = 1, of
S∞ obtained from the analytic result for an infinite lattice.
V. FIRST DETECTION TIME DISTRIBUTION IN
THE AUBRY-ANDRE´-HARPER MODEL
In the AAH model [19, 20] one considers the motion
of a quantum particle in a quasiperiodic potential. The
Hamiltonian is given by
H = −
L−1∑
x=−L
(|x〉〈x + 1|+ |x+ 1〉〈x|)
+
L1∑
x=−L
A cos(2πxσ)|x〉〈x|, (27)
where σ is an irrational number, which we here choose to
be the golden ratio σ = (
√
5+1)/2. This system shows a
remarkable transition in properties of eigenstates as one
changes the amplitude A of the potential. For A < 2,
all eigenstates are delocalized, whereas for A > 2 all
states are localized. At the critical point A = 2, the
eigenstates are neither localized nor extended and wave-
packets show diffusive spreading. We illustrate the dif-
ferences in the three phases in Fig. 5, where the proba-
bility of the particle being at site x, |ψx(t)|2, given that
it starts from the center of the lattice, has been plotted as
a function of x at different times t = nτ with τ = 0.1.
These are for the free evolution underH , in the absence
of any detector. The red solid line, green dashed line
and blue dotted line show the probability distributions at
times n = 100, 1000 and 10000 respectively, and the
three data sets have been scaled according to their ex-
pected behavior. In particular, we note that for A = 2
the probability density spreads diffusively, though it has
recently been noted that the wave-form is non-Gaussian
[21].
A natural question of interest is to ask whether one can
see a marked difference in the form of the survival prob-
ability (under our measurement dynamics) in the three
different phases. For example, would the survival proba-
bility decay to zero in the long time limit, in the critical
phase? We now address this question, in particular the
time-dependence of Sn and pn in the long-time limit in
a thermodynamic system (i.e after taking L→∞).
In Figs. 6, we have plotted these Sn as a function of
the number of measurements n for the amplitude values
A = 1, 2 and 3. We obtained data for lattices of differ-
ent sizes which are prepared such that the central over-
lapping region for two different system sizes see exactly
the same quasi-periodic potential. The initial condition
is always chosen to be a site that is 10 lattice sites from
the origin where detection occurs. The temporal region
where the Sn data for the different system sizes overlap,
corresponds effectively to the infinite size limit. Hence
we identify this time-scale and look at the decay of Pn
in this region. As expected we find that this time scale
is O(N) for A = 1, is O(N2) for A = 2 and O(1) for
A = 3. The main conclusions that we can draw from
these plots are:
(i) For A = 1 corresponding to ballistic spreading of
wave-packet, we find a decay of pn slightly faster than
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FIG. 5. Scaled probability distributions for position for (a)A =
1, (b) A = 2 and (c) A = 3. The lattice size for A = 1 is
N = 5001. For A = 2 and A = 3, it is N = 501.
1/n. This indicates a decay Sn ∼ 1/ logn. We contrast
this with the purely ordered case (A = 0) where there
the survival probability saturates to a constant value [see
e.g Fig. (4)].
(ii) At the critical point, A = 2, we see a faster decay
pn ∼ 1/n1.35 which implies again a decay of the survival
probability Sn ∼ 1/n0.35. However the power seems to
depend on initial conditions.
(iii) Finally in the localized phase, A = 3, the survival
probability almost shows no decay.
VI. CONCLUSIONS
The first detection time distribution and survival prob-
ability for a quantum particle were studied on finite and
infinite one-dimensional open lattices, with a detector at
the middle site. The measurement process consists of a
sequence of selective projections, made at regular time
intervals τ between the particle’s unitary evolution, till
the particle is detected. We first showed, from numeri-
cal computations, that for small τ , results from the exact
dynamics were quite accurately reproduced by two dif-
ferent effective non-Hermitian Hamiltonians (H
(1)
eff and
H
(2)
eff ). We showed that for the case ofH
(1)
eff which con-
sisted of a small imaginary part, one could obtain ana-
lytic results for the survival probability using perturba-
tion theory. On the other hand, for the case of H
(2)
eff ,
which has a large imaginary part, one can use existing
results for the infinite lattice to obtain results for the Sn
which agree with results obtained by other approaches.
We also pointed out that, for the finite lattice (with no
on-site potentials), there are three time-scales (i) a time
scale . O(N) where the behavior of Sn corresponds to
N → ∞ limit and we get Pn ∼ 1/n3, (ii) a time scale
N . n . N3 where we find Pn ∼ 1/n5/2 and (iii)
the large time limit N3 . n, where Pn ∼ e−n/N3 . For
the infinite lattice, the survival probability saturates to a
finite value (initial condition dependent) as Sn ∼ S∞ −
A/n3 , where S∞ is known exactly using the mapping to
H
(2)
eff (and results from [18]).
Finally we studied the survival probability for a quan-
tum particle in the Aubry-Andre´-Harper model, which
has extended, localized and critical phases depending on
the amplitude of the quasi-periodic potential. We found
numerical evidence that here, the survival probability for
the infinite lattice decays to zero in the extended phase as
∼ 1/ log(n) and in the critical phase as∼ 1/n0.35. There
has been increased interest in understanding the dynam-
ics of projective measurements in experimental systems
[22–25] and experimental probes to address the aspects
addressed in this paper should be possible in the near fu-
ture.
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FIG. 6. Plot of Sn with n in the AAH model for different lat-
tice sizes, for (a) A = 1, (b) A = 2 and (c) A = 3. The insets
in (a) and (b) show the corresponding first detection time prob-
abilities Pn and the power law decays indicate the behavior of
the temporal regime corresponding to an infinite lattice.
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